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Although this is called a “Thesis” (and indeed the number of hours put into it probably equaled that 

of a thesis research, it was really a so-called “Problem Report”.  To obtain an M.S. in chemical 

engineering, one had to complete 36 hours of courses; or 33 hours plus a 3-hour “problem report”; or 30 

hours and a 6-hour thesis.  My original assignment was to compare how quickly numerical calculus on a 

digital computer (IBM mainframe) could solve 3 problems of varying difficulty compared to an analog 

computer.  When the department’s analog computer suddenly went inoperable, the problem was 

changed to solving the same 3 problems using 2 different digital packages – IBM’s CSMP and Lehigh 

University’s LEANS III.  I had to present my research to a group of faculty members who “grilled me” 

just like in a thesis exam.  There were some algorithms that I developed which greatly simplified the 

digital solution that are not noted in the following paper. 

 

The hardest problem was solving the unsteady-state dynamics of an ion exchange column.  The 

partial differential equations had to be deconstructed into a matrix of ordinary differential equations 

prior to the digital simulation.  The second hardest problem – which is presented below – was solving 

the nonlinear differential equation that modeled heat transfer in a rod (its diameter chosen to be much 

smaller than its length so that tensor analysis could be avoided) with convective and radiative losses.  

 

This problem had a practical application.  A material sciences division also existed within the 

department.  Another graduate student was conducted experiments to see how thermal conductivity of 

thin plastic strings could be altered by ultrasonic waves.  This had applicability in the manufacturing of 

such filaments as they were extruded from machines.  (I don’t remember what the plastic was.)  The 

student and his faculty adviser needed a theoretical model for this heat transfer process and so that was 

incorporated into my “problem report”/”thesis”.  (Killing 2 birds with one stone so to speak.)  Because 

of its applicability, that part of my “thesis” was chosen to be submitted to the West Virginia Academy of 

Science annual meeting.  I gave a presentation and it was later accepted into their archives. 
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Abstract 

 

This paper describes the problem of the conduction of thermal energy axially through a metal rod 

with heat being dissipated from the rod by both convective and radiative modes to the environment.  

This problem is solved by using a systematic simulation approach.  The differential balance equations 

are expressed as a mathematical model to reveal the generality of the study, the assumptions made, and 

the significance of the analysis.  The equations are solved by a digital computer simulation program.  

The results reveal the dependence of the temperature on the physical parameters present in the system.  

The importance of the model in interpreting experimental measurements on physically equivalent 

systems is pointed out. 
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Introduction 

 

Problems involving heat transfer can be described in general mathematical terms; but in many cases, 

solution of the mathematical equations can be either too time-consuming or even impossible by 

conventional analytical techniques.  Numerical analysis methods have made possible the solution of 

many such equations which previously were practically unsolvable.  This paper discusses the use of such 

techniques.  The problem is described by a second-order ordinary differential equation.  An analytical 

solution is impossible because of the presence of nonlinear terms.  The use of a general digital computer 

simulation language permitted an accurate solution to be obtained by numerical integration. 

 

The first step of the solution procedure was to utilize the conservation equations -- mass, heat, and 

momentum -- to describe the problem in terms of differential equations.  Next, certain assumptions were 

made (1) to simplify the mathematical complexity of the modeling equations and (2) to assign 

appropriate boundary conditions to the general equations.  The third step involved the grouping of terms 

from the equation to form parameters which characterize the model.  And, the final step was to choose 

and implement an adequate solution technique to solve the equations. 

 

Problem Description 

 

 

A rod exposed to the environment on one end is jointed to a hot surface on the other end as in Figure 

1.  This surface or "wall" temperature is greater than the ambient temperature, so that heat is conducted 

from the wall through the rod.  Heat is dissipated from the rod surface by convective and radiative 

modes of transfer. 
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FIGURE 1.  Heat conduction through a rod attached to a hot surface with convective and 

radiative modes of heat dissipation 

 

 

It was desired to obtain the temperature profiles of the rod.  Intuitively, the rod temperature should 

decrease at a distance farther away from the wall.  The effects on this profile of the physical properties 

of the rod, its dimensions, and the properties of the surrounding environment were also of interest. 

 

The first step to obtain these solutions was to apply the conservation equation for heat transfer.  It 

was assumed that (a) the system is at steady-state and therefore time will not be an independent variable, 

and (b) heat is conducted in the axial direction only. 

 

A thermal energy balance on a segment ∆z of the rod was written and upon dividing through by R∆z  

and taking the limit as ∆z approaches zero there results 

 

 

- R  dq(z) ⁄ dz =  2h  [ T(z) - Ta]  +  2α [ εT
4
 - σTa

4
 ]       . (1) 

 

 

For a cylindrical rod with conduction in the axial direction, then, Eq. (1) becomes 

 

q(z)  =  - k  dT(z) / dz (2) 
 

d/dz ( k dT/dz ) = ( 2h/R ) ( T - Ta ) + ( 2 α/R ) ( εT
4
 - αTa

4 
)

 
(3) 

 

Now Eq. (3) can be reduced to a more manageable form by making some appropriate assumptions.  

These are as follows: 

 

α(T) = ε(T) = εavg  ;  h(t) = havg  ;  and  k(T) = kavg      . 

 

These assumptions transform Eq. (3) to 

 

d
2
T/dz

2
  =  ( d havg / R kavg ) ( T Ta )  +  ( 2 αεavg / R kavg ) ( T

4
 - Ta

4
 )     .   (4) 
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A second-order differential equation requires two boundary conditions.  For this problem, the 

boundaries are the two ends of the rod. 

 

T = Tw  at  z = 0 (5) 

 

qz(z) = 0     at  z = L 

or   - kavg dT/dz  = 0  ;  i.e.,  dT/dz = 0  at  z = L    . (6) 

 

 

And in order to make the variables dimensionless, define  θ = T/Tw  ,  θa = Ta/Tw , and ρ = z/L .  

Then Eq. (4) becomes 

 

[R/L]
2
 d

2
 θ/d ρ

2
  =  2 [R havg / kavg ]  (θ - θa )  +  2 [ R αεavg Tw

3
/ kavg )  (θ

4
 - θa

4
 )      (7) 

 

 

The equation is now in a form in which parameters can be defined from certain groups of terms.  

Furthermore, these parameters will be dimensionless.  These parameters have theoretical significance as 

follows: 

 

α = R/L = (0.5 x cross-sectional area) / (external surface area) 

 

β = R havg / kavg = averaged Biot number 

= (heat transfer by convection)/(heat transfer by conduction) 

 

Ф = havg / (σεavg Tw
3
)  = Stanton number/Thring number 

= (heat transfer by convection) /(heat transfer by radiation) 

 

γ =  β / Ф = (heat transfer by radiation) / (heat transfer by conduction) 

 

 

Eq. (7) can be restated as follows: 

 

α
2
 d

2
θ/dρ

2
  =  2 β (θ - θa )   + 2 γ (θ

4
 - θa

4
 )         , (8) 

 

with boundary conditions : 

θ = 1    at  ρ = 0 (9) 

 

dθ/dρ  =  0    at  ρ  =  1     . (10) 
 

 

Method of Solution 

 

The nonlinearity introduced into Eq. (8) by the radiation term makes solution by ordinary analytical 

methods impossible.  Solution is possible only by numerical or approximate techniques. 

 

A solution by numerical integration was obtained.  A digital simulation language was used to 

evaluate the integral of the dependent variable continuously over small step sizes.  Thus, to solve for θ 

in the model under consideration, two integrations have to be performed: 
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1.  dθ/dρ = ∫ (d
2
θ/dρ

2 
) dρ  +  (dθ/dρ)0 

 

2.  θ = ∫ (dθ/dρ) dρ  +  (θ)0 

 

θ0 is given as a boundary condition, but (dθ/dρ)0 is not.  What has to be done is to use an iterative 

procedure to find the value of (dθ/dρ)0 which will make (dθ/dρ)1 = 0 (i.e., this is the second boundary 

condition).  When this initial slope has been correctly determined, then the θ versus ρ values generated 

by the numerical methods will be correct. 

 

The iterative procedure used to solve Eq. (8) begins first with choosing an initial slope value which 

would make (dθ/dρ)1 positive.  Prior experience with temperature profiles in heat conduction systems 

was helpful in developing this iterative procedure.  This estimate is increased until (dθ/dρ)1 becomes 

negative.  Then, two limits are established, with the root known to lie in between.  In succeeding 

iterations, the estimate of the root is obtained by taking the average of the two limits, and redefining one 

of the limits.  Depending on whether the absolute value of (dθ/dρ)1 is computed to be less than a given 

error criterion, convergence and a correct solution result.  Schematically, the computer method is shown 

in Figure 2. 

 

IBM's CSMP and Lehigh University's LEANS-III were used to solve this system; and solutions from 

both of these languages were identical for all practical purposes differing by an average value of 0.04%. 

 

 

FIGURE 2 - Macro flow diagram of computer simulation 
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Discussion of Results 

 

Because of space limitations, only the solution for one set of parameters will be shown.  This is in 

Figure 3.  By specifying θa and α, profiles of θ versus ρ were obtained for different values of β and Ф.  

Additional parameter studies allowing for three different values each for θa and  α were performed. 

 

The numerical results can be interpreted in terms of the dimensionless parameters β and Ф which 

represent the convection/conduction and the convection/radiation ratios, respectively.  For a given 

constant value of Ф, an increase in β will result in an increase in the total amount of heat dissipated from 

the rod since the convective and radiative mechanisms operate in parallel;  this will decrease the 

dimensionless temperatures throughout the rod as seen in Figure 3. 

 

This work was originally inspired by an attempt to measure the effects of ultrasonics on heat 

conduction through a solid rod (see Fairbanks (4) and Haider (6) .)  The film coefficient h and the rod 

thermal conductivity k were among the variables suspected to change with the application of ultrasonics.  

This same computer method with a slightly more complicated model owing to the inclusion of 

parameter temperature dependency was used to determine the effects of ultrasonics.  Thos results were 

reported earlier. 

 

 

Figure 3 
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Nomenclature 

 

h = convective heat transfer coefficient, BTU/hr-ft
2
-

o
R 

k = rod thermal conductivity, BTU/hr-ft
2
-(

o
R/ft) 

L = length of the rod, ft. 

qz = axial conductive heat flow through the rod, BTU/hr-ft
2
 

R = radius of the rod, ft. 

T = axial rod temperature, 
o
R 

Ta = ambient temperature, 
o
R 

Tw = wall temperature, 
o
R 

z = axial distance along the rod, ft. 

σ = Stefan-Boltzmann constant = 1.73x10
-9

 BTU/hr-ft- 
o
R

4
 

ε = emissivity of the rod 

α = absorptivity of the rod (initially in the paper) 

havg , kavg , εavg = effective values at average rod temperature 
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